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polynomial hypergroups, and derive from these properties some applications for the
corresponding orthogonal polynomials.
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1. Definitions and basic facts
An orthogonal polynomial sequence (Rn(t))n∈N0 with property (P), see below, gives rise to a hypergroup structure
on N0, so that the sequence space l1(h) becomes a Banach algebra with convolution as multiplication. A strong and
important property of some Banach algebras is their amenability and the validity of related conditions. The purpose of this
paper is to investigate amenability properties of l1(h) and to derive from these some results for orthogonal polynomials,
see e.g. Proposition 1 and Corollary 3.
We recall the property (P) and the basic facts of polynomial hypergroups generated by (Rn(t))n∈N0 . Let (Rn(t))n∈N0 be a
polynomial sequence defined by the recurrence relation
R1(t) Rn(t) = anRn+1(t)+ bnRn(t)+ cnRn−1(t) (1)
for n ∈ N, and R0(t) = 1, R1(t) = 1a0 (t − b0), where an > 0, bn ≥ 0 for all n ∈ N0, cn > 0 for n ∈ N. We assume
an+bn+ cn = 1 for n ∈ N and a0+b0 = 1. It follows from this assumption that Rn(1) = 1 for all n ∈ N0 . By the Theorem of
Favard there is a (unique) probability measure pi on Rwith bounded support such that (Rn)n∈N0 is orthogonal with respect
to pi , i.e.
∫
R Rn(t)Rm(t)dpi(t) = 1h(n) δn,m. The recurrence relation (1) is a special case of the linearization formula
Rm(t) Rn(t) =
n+m∑
k=|n−m|
g(m, n; k) Rk(t), (2)
for m, n ∈ N0. We suppose throughout this paper that the coefficients g(m, n; k) are non-negative. There are many
orthogonal polynomial systems which have this property, see [1–3]. We say that (Rn) has property (P) if the coefficients
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g(m, n; k) are all non-negative, in which case we can define a convolution on N0 by
δm ∗ δn =
n+m∑
k=|n−m|
g(m, n; k) δk, (3)
where δk is the point measure in k ∈ N0. With this convolution, the involution n˜ = n and the discrete topology, the
set of natural numbers N0 is a commutative hypergroup. Such a hypergroup is called polynomial hypergroup generated
by (Rn)n∈N0 , see [2]. The basic notations and tools of commutative harmonic analysis are available. The Haar measure
on the polynomial hypergroup N0 is the counting measure with weights h(n) = g(n, n; 0)−1, n ∈ N0. They satisfy
h(0) = 1, h(n+ 1) = ancn+1 h(n), n ∈ N0. The translation of a sequence β = (β(n))n∈N0 is defined by
Tn β(m) =
n+m∑
k=|n−m|
g(m, n; k) β(k),
and the convolution of two sequences f , g ∈ l1(h) is defined by
f ∗ g (n) =
∞∑
k=0
Tn f (k) g(k) h(k).
(l1(h) = {f = (f (n))n∈N0 :
∑∞
n=0 |f (n)| h(n) <∞}). With this operation as multiplication and f ∗(n) = f (n) as involution,
the Banach space l1(h) is a commutative Banach ∗-algebra with unit δ0. If f ∈ l1(h), ϕ ∈ l∞ then f ∗ϕ ∈ l∞. The Hermitean
dual space Nˆ0 of N0 (i.e. the Hermitean structure space of l1(h)) can be identified with
Ds = {t ∈ R : |Rn(t)| ≤ 1 for all n ∈ N0} (4)
via the mapping t 7→ αt , αt(n) := Rn(t), see [2]. Hence we consider Nˆ0 as a compact subset Ds of R containing 1 ∈ R (since
Rn(1) = 1). (We observe that in general there exist homomorphisms on l1(h)which are not Hermitean.) The support of the
orthogonalization measure pi is contained in Ds. The Fourier transform of f ∈ l1(h) is defined by
fˆ (t) =
∞∑
k=0
f (k) Rk(t) h(k), t ∈ Ds.
fˆ is a continuous bounded function on Ds and the Fourier transform satisfies f̂ ∗ g = fˆ gˆ.
An important class of examples is generated by the ultraspherical polynomials Rn(t). These polynomials are determined
by R0(t) = 1, R1(t) = t and tRn(t) = anRn+1(t)+ cnRn−1(t), n ∈ N, where
an = n+ 2α + 12n+ 2α + 1 , cn =
n
2n+ 2α + 1 .
If α ≥ − 12 then (Rn(t))n∈N generates a polynomial hypergroup on N0.
Another group of interesting examples is provided by the class of little q-Legendre polynomials, which satisfy the
recurrence relation (1) with
an = qn (1+ q)(1− q
n+1)
(1− q2n+1)(1+ qn+1) , bn =
(1− qn)(1− qn+1)
(1+ qn)(1+ qn+1)
cn = qn (1+ q)(1− q
n)
(1− q2n+1)(1+ qn) for n ∈ N and a0 =
1
q+ 1 , b0 =
q
q+ 1
and R0(t) = 1, R1(t) = 1a0 (x−
b0
a0
). By [4] they give rise to a polynomial hypergroup whenever 0 < q < 1.
2. Amenability conditions for l1(h)
Let X be a Banach space. X is called a Banach l1(h)-bimodule if l1(h) acts on X from the left-hand and right-hand sides,
respectively, by the module actions (f , x) 7→ f · x, l1(h) × X → X and (x, a) 7→ x · f , X × l1(h) → X, such that
(f · x) · g = f · (x · g). An important example of a Banach l1(h)-bimodule is X = l∞, the space of all bounded sequences with
convolution as module action.
The dual X∗ of a Banach l1(h)-bimodule X is also a Banach l1(h)-bimodule with the module actions given by 〈f · ϕ, x〉 =
〈ϕ, x · f 〉 and 〈ϕ · f , x〉 = 〈ϕ, f · x〉 for f ∈ l1(h), x ∈ X, ϕ ∈ X∗,where the duality is denoted by 〈·, ·〉.
A continuous derivation of l1(h) to X is a continuous linear mapping D : l1(h)→ X such that D(f ∗g) = D(f ) ·g+ f ·D(g)
for all f , g ∈ l1(h). For each x ∈ X , the mapping adx : l1(h)→ X defined by adx(f ) = f · x− x · f is a continuous derivation
called the inner derivation associated with x ∈ X . A reference for this and the following is [5].
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Definition. Let l1(h) be the L1-algebra of a polynomial hypergroup, t ∈ Ds. Then l1(h) is called
(i) amenable if every continuous derivation D : l1(h)→ X∗ from l1(h) into a dual Banach l1(h)-bimodule X∗ is inner.
(ii) weakly amenable if there exists no non-zero continuous derivation D : l1(h) → l∞ from l1(h) into the Banach
l1(h)-bimodule l∞.
(iii) αt-amenable if every continuous derivation Dt : l1(h)→ X∗ from l1(h) into a dual Banach l1(h)-bimodule X∗ is inner,
where the left action module on X is given by f · x = fˆ (t)x for f ∈ l1(h), x ∈ X .
Remark. The amenability condition (i) is the strongest of the three and (i) implies both (ii) and (iii).
In [6, Theorem 3] we have shown that l1(h) is not amenable whenever h(n) → ∞ as n → ∞. Considering the
ultraspherical polynomials it is known that h(n) = O(n2α+1). Hence l1(h) is not amenable if α > − 12 . For α = − 12 (these
are the Chebyshev polynomials of first kind), we have h(0) = 1, h(n) = 2 for n ∈ N.We could prove [6, Corollary 3] that
the Banach algebra l1(h) for the Chebyshev polynomials of first kind is amenable. So amenability of l1(h) is a very strong
property. This is confirmed by the following result that follows from [7, Corollary 2].
Proposition 1. Suppose that l1(h) is amenable. Then there exists  > 0 such that for each pair t, s ∈ Ds, t 6= s, there exists
f ∈ l1(h) with ‖f ‖1 = 1 such that |fˆ (α)− fˆ (β)| ≥ .
Corollary 1. If U is an infinite subset of Ds and if limn→∞ Rn(x) = 0 uniformly in x ∈ U, then l1(h) is not amenable.
Proof. Assume l1(h) to be amenable, and choose  > 0 as in the statement of Proposition 1. There exists n0 ∈ N such
that |Rn(t) − Rn(s)| < 2 for all n ≥ n0 and every s, t ∈ U . Since U is infinite and Ds is compact there exists a pair
s, t ∈ U, s 6= t , such that |Rn(t)− Rn(s)| < 2 for n < n0. By assumption, and using Proposition 1 for this pair, there exists
f ∈ l1(h), ‖f ‖1 = 1 and |fˆ (t)− fˆ (s)| ≥ . However,
|fˆ (t)− fˆ (s)| ≤
∑
n∈N0
|f (n)| |Rn(t)− Rn(s)| h(n) ≤ sup
n∈N0
|Rn(t)− Rn(s)| ≤ 2 ,
which is a contradiction. 
Remark. If we have in addition to the assumptions to Corollary 1 that pi(Ds \U) = 0, then applying Lebesgue majorization
theorem we obtain
1
h(n)
=
∫
R
R2n(t)dpi(t) −→ 0
as n→∞, in which case the non-amenability of l1(h) follows from Theorem 3 of [6].
3. Weak amenability
Let D : l1(h) → l∞ be a continuous derivation with l1(h)-module action f · ϕ = f ∗ ϕ = ϕ · f for f ∈ l1(h), ϕ ∈ l∞.
Write n(m) = 1h(n) δn,m. Obviously, ‖n‖1 = 1 and
1 ∗ n = ann+1 + bnn + cnn−1.
This identity follows by applying the Fourier transformation to both sides and using the recurrence relation (1). Define
κn ∈ l1(h) recursively by
κ0 = 0, κ1 = 0 and κn+1 = 1an (n + 1 ∗ κn − bnκn − cnκn−1), n ∈ N.
Proposition 2. Let D : l1(h)→ l∞ be a derivation. Then
D(n) = κn ∗ D(1) for n ∈ N0 .
Proof. Obviously the identity is true for n = 0 and n = 1. (Notify that D(0) = 2D(0), hence D(0) = 0). We have
D(1 ∗ n) = anD(n+1)+ bnD(n)+ cnD(n−1).
Now assume that the statement is true for n− 1 and n. Then
D(n+1) = 1an (D(1 ∗ n)− bnD(n)− cnD(n−1))
= 1
an
(1 ∗ D(n)+ n ∗ D(1)− bnD(n)− cnD(n−1))
= 1
an
(1 ∗ κn + n − bnκn − cnκn−1) ∗ D(1) = κn+1 ∗ D(1). 
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The functions κn ∈ l1(h) have finite support. In fact, it is easily shown that supp κn ∈ {0, . . . , n− 1}, n = 1, 2, . . . . The
sup-norm gives a necessary criterion for weak amenability.
Theorem 1. If {‖κn‖∞ : n ∈ N0} is bounded, then l1(h) is not weakly amenable.
Proof. Let D : l1(h) → l∞ and assume that D(1) = 0. Then by Proposition 2 κn ∗ D(1) = κn and so we have
‖D(n)‖∞ = ‖κn‖∞. Since ‖D(n)‖∞ ≤ M for all n ∈ N0, the linear extension to the l1(h)-closure of the linear span of
{n : n ∈ N0} is a non-zero continuous derivation D : l1(h)→ l∞. 
The Fourier transformation of n and κn can be easily calculated. We have ˆn(t) = Rn(t) and κˆn(t) = a0R′n(t) for all
t ∈ Nˆ0. The latter identity follows by differentiating the three-term recurrence relation (1) for Rn(t) and the definition of
κn. Since R′n+1(t) is a polynomial of degree n, we can write
a0R′n+1(t) =
n∑
k=0
dn,k Rk(t).
Applying the uniqueness theorem of the Fourier transformation we obtain
κn+1 =
n∑
k=0
dn,k k.
In particular, κn+1(k) = dn,kh(k) for k = 0, . . . , n.
We consider the class of polynomial hypergroups generated by the ultraspherical polynomials R(α)n (t), α ≥ − 12 . It is well
known that (R(α)n )
′
(t) = n(n+2α+1)2+2α R(α+1)n−1 (t), and hence κn+1(k) can be calculated from the so-called connection coefficients
that link R(α+1)n (t) with R(α)k (t), see [8, (9.1.2)]. In [9, Theorem 1] the coefficients κn+1(k) are determined. (In fact, it is even
shown that the special form of these coefficients characterizes the class of ultraspherical polynomials.) We have
κ2m+1(2j) = 2m+ 1a2mh(2m) , κ2m+1(2j+ 1) = 0 for j = 0, . . . ,m
and
κ2m+2(2j) = 0, κ2m+2(2j+ 1) = 2m+ 2a2m+1h(2m+ 1) for j = 0, . . . ,m.
Since h(n) = O(n2α+1), we obtain ‖κn‖∞ = O(n−2α). From Theorem 1 it follows that the Banach algebra l1(h) of the
polynomial hypergroup induced by the ultraspherical polynomials R(α)n (t) is not weakly amenable whenever α ≥ 0. For
α = − 12 the Banach algebra l1(h) is amenable, and therefore weakly amenable, see above. We do not know whether l1(h)
is weakly amenable for − 12 < α < 0. From Proposition 2 we can deduce the following equivalence result for general
polynomial hypergroups.
Theorem 2. The following conditions are equivalent:
(i) l1(h) is weakly amenable.
(ii) For every ϕ ∈ l∞, ϕ 6= 0, the set {‖κn ∗ ϕ‖∞ : n ∈ N0} is unbounded.
4. Alpha-amenability
By restricting the left action of l1(h) on X to the form f · x = fˆ (t)x, where t ∈ Ds is fixed, we obtain another weakening
of the amenability condition, see Definition (iii), namely αt-amenability. There are various conditions equivalent to
αt-amenability that are proved in [10,11].
Theorem 3. For each t ∈ Ds the following are equivalent
(i) l1(h) is αt-amenable.
(ii) There exists an αt-mean, i.e. there exists mαt ∈ (l∞)∗ such that mαt (αt) = 1 and mαt (Tnϕ) = Rn(t)mαt (ϕ) for all
n ∈ N0, ϕ ∈ l∞.
(iii) There exists a topological αt-mean, i.e. there exists Mαt ∈ (l∞)∗ such that Mαt (αt) = 1 and Mαt (f ∗ ϕ) = fˆ (t)Mαt (ϕ) for
all f ∈ l1(h), ϕ ∈ l∞.
(iv) N0 satisfies Reiter’s P1(αt ,M)-condition with bound M ≥ 1, i.e. for each  > 0, F ⊆ N0 finite, there exists f ∈ l1(h) such
that fˆ (t) = 1, ‖f ‖1 ≤ M and ‖Tnf − Rn(t)f ‖1 <  for all n ∈ F .
(v) The maximal ideal I(αt) := {f ∈ l1(h) : fˆ (t) = 0} has a bounded approximate identity (gn)n∈N0 ⊆ I(αt). That is
limn→∞ ‖gn ∗ f − f ‖1 = 0 for every f ∈ I(αt).
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(vi) N0 satisfies the Glicksberg–Reiter property G(αt ,M) with some bound M ≥ 1, i.e. for every f ∈ I(αt) we have
inf{‖h‖1 : h ∈ T (αt ,M)(f )} = 0,
where
T (αt ,M) =
{
n∑
k=0
βkTk : n ∈ N0; β0, . . . , βn ∈ C,
n∑
k=0
|βk| ≤ M,
n∑
k=0
βkRk(t) = 1
}
⊆ B(l1(h)).
The case t = 1 is investigated in [12] and corresponds to the amenability of the polynomial hypergroup N0. Applying
the fixed point theorem of Markov–Kakutani we can show that every polynomial hypergroup N0 is α1-amenable. The case
t 6= 1 is far more complex, see the examples below.
Analogous to Proposition 2 we can derive an explicit form of Dt(n) whenever Dt is a derivation as in Definition (iii).
Given Rn(t) satisfying (1) the kth associated orthogonal polynomial sequences Rn(t; k) are defined by Rn(t; 0) = Rn(t) and
for k ∈ N
R0(t; k) = 1, R1(t; k) = R1(t)− bkak , and for n ∈ N
R1(t; k) Rn(t; k) = an+kak Rn+1(t; k)+
bn+k − bk
ak
Rn(t; k)+ cn+kak Rn−1(t; k).
Let X be a Banach l1(h)-bimodule with left action f · x = fˆ (t)x for f ∈ l1(h), x ∈ X . We can assume that 0 · x = x, see
[13, Section 43, Lemma 6]. If Dt : l1(h)→ X∗ is a derivation then Dt(0) = 0. If a polynomial P(t) of degree n is written as
P(t) =∑nk=0 αk (R1(t))k, we put P(1) =∑nk=0 αkk1 ∈ l1(h), where 01 = 0, k1 = 1 ∗ · · · ∗ 1 the k-fold convolution of
1.
Proposition 3. Let Dt : l1(h)→ X∗ be a derivation. Then Dt(n) = σ tn · Dt(1), n ∈ N, where σ t0 = 0, σ t1 = 0 and
σ tn+1 =
1
an
(1 ∗ σ tn)− bnσ tn − cnσ tn−1 + Rn(t) 0.
The σ tn have the form
σ tn =
n−1∑
k=0
Rk(t)
ak
Rn−1−k(1; k+ 1) (with a0 = 1).
Proof. We note that Dt(0) = 0 and 0 = R0(1; 1) = σ t1 . For n = 2 we have
Dt(2) = 1a1 Dt(1 ∗ 1)−
b1
a1
Dt(1)− c1a1 Dt(0)
= 1
a1
[1 · Dt(1)+ R1(t)Dt(1)− b1Dt(1)− c1Dt(0)] = σ t2 · Dt(1),
where
σ t2 =
1
a1
(1 ∗ σ t1 − b1σ t1 − c1σ t0 + R1(t)0)
= 1
a1
R1(t) R0(1; 2)+ R0(t) R1(1; 1).
We proceed with induction on n. Assume that the formula holds for n− 1 and n. Then
Dt(n+1) = 1an Dt(1 ∗ n)−
bn
an
Dt(n)− cnan Dt(n−1)
= 1
an
[1 · Dt(n)+ Rn(t)Dt(1)− bnDt(n)− cnDt(n−1)] = σ tn+1 · Dt(1)
where
σ tn+1 =
1
an
(1 ∗ σ tn − bnσ tn − cnσ tn−1 + Rn(t)0)
= 1
an
n−1∑
k=0
Rk(t)
ak
1 ∗ Rn−1−k(1; k+ 1)− bnan
n−1∑
k=0
Rk(t)
ak
Rn−1−k(1; k+ 1)
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− cn
an
n−2∑
k=0
Rk(t)
ak
Rn−2−k(1; k+ 1)+ Rn(t)an
=
n−2∑
k=0
Rk(t)
ak
[
1
an
∗ Rn−1−k(1; k+ 1)− bnan Rn−1−k(1; k+ 1)−
cn
an
Rn−2−k(1; k+ 1)
]
+ 1
an
Rn−1(t)
an−1
1 ∗ R0(1; n)− bnan
Rn−1(t)
an−1
R0(1; n)+ Rn(t)an
=
n−2∑
k=0
Rk(t)
ak
Rn−k(1; k+ 1)+ Rn−1(t)an−1 R1(1; n)+
Rn(t)
an
R0(1; n+ 1)
=
n∑
k=0
Rk(t)
ak
Rn−k(1; k+ 1). 
We can derive a remarkable formula from Proposition 3, see Corollary 2 below.
Proposition 4. The Fourier transform of σ tn satisfies
σ̂ tn(s) (R1(s)− R1(t)) = Rn(s)− Rn(t) for all n ∈ N.
Proof. Write τn(s) = σ̂ tn(s) (R1(s)−R1(t)). For n = 1we note that τ1(s) = R1(s)−R1(t). Assume that τn(s) = Rn(s)−Rn(t).
Using the first recursion formula of Proposition 3 we obtain
τn+1(s) = σ̂ tn+1(s) (R1(s)− R1(t))
= 1
an
(R1(s)τn(s)− bnτn(s)− cnτn−1(s) + Rn(t) (R1(s)− R1(t)))
= 1
an
(R1(s)Rn(s)− bnRn(s)− cnRn−1(s))− 1an (bnRn(t)+ cnRn−1(t)− R1(t)Rn(t))
= Rn+1(s)− Rn+1(t). 
Combining Propositions 3 and 4 we obtain
Corollary 2. For any s, t ∈ R, s 6= t,
Rn+1(s)− Rn+1(t)
R1(s)− R1(t) =
n∑
k=0
Rk(t)
ak
Rn−k(R1(s); k+ 1). (∗)
Proof. If (∗) is true for s, t ∈ Nˆ0, s 6= t , then it holds for any s, t ∈ R, s 6= t. The Fourier transform of 1 is ˆ1(s) = R1(s),
and thus
σ̂ tn+1(s) =
n∑
k=0
Rk(t)
ak
Rn−k(R1(s); k+ 1).
Identity (∗) now follows by Proposition 4. 
As alreadymentioned every polynomial hypergroup isα1-amenable. Hence as a direct applicationweobtain the existence
of a bounded solution x ∈ l∞ of a rather general Volterra difference equation system.
Corollary 3. Let ϕ ∈ l∞, ϕ 6= 0 such that {‖σ 1n ∗ ϕ‖∞ : n ∈ N0} is bounded. Then there exists x ∈ l∞ such that
σ 1n ∗ ϕ = n ∗ x − x for all n ∈ N0 .
Proof. Consider X∗ = l∞ with convolution as left l1(h)-action and x · f = x(f ∈ l1(h), x ∈ l∞) as right l1(h)-action.
(Recall that Rn(1) = 1.) Define D1(n) = σ 1n ∗ ϕ. By the assumption the linear extension of D1 is a bounded map on the
linear span of {n : n ∈ N0}. The linear span is dense in l1(h), and hence can be extended to a non-zero continuous linear
mapping D1 : l1(h) → l∞. By the construction of σn it follows that D1 is a derivation. Since every polynomial hypergroup
is α1-amenable, D1 is an inner derivation, i.e. there exists x ∈ l∞ such that σ 1n ∗ ϕ = D1(n) = adx(n) = n ∗ x − x for all
n ∈ N0 . 
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In [10] many examples are investigated with respect to Reiter’s P1(αt ,M)-condition, which is equivalent to
αt-amenability. If the parameter α of the ultraspherical polynomials is equal to − 12 , for each t ∈ Ds = [−1, 1] we have
αt-amenability. In the case α > − 12 , l1(h) is αt-amenable if and only if t ∈ {−1, 1}. A remarkable example is provided by
the little q-Legendre polynomials. In [14] it is shown that for this class of polynomial hypergroups αt-amenability holds for
any t ∈ Ds, whereas l1(h) is not amenable, since h(n)→∞.
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